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Abstract. To determine the Avogadro constant by counting the atoms in quasiperfect spheres made of a silicon crystal highly enriched with 28 Si, the isotopic
composition of the crystal was measured in diﬀerent laboratories by diﬀerent
measurement methods. This paper examines the consistency of the measurement
results.
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1. Introduction
The mass of the Pt-Ir kilogram artefact may have changed by about 50 µg since its
manufacturing, in 1889. An accurate measurement of the Avogadro constant, NA , by
counting the number of atoms in 1 kg spheres made of Si single-crystals will make it
possible to obtain a kilogram on the basis of an atom mass, thus allowing the prototype
drift to be monitored. Owing to the smallness of drift, the uncertainty associated with
NA must not exceed 2 × 10−8 kg; therefore, according to NA = 8M/(ρa3 ), the molar
mass, M , density, ρ, and unit cell volume, a3 , must be measured to relative accuracies
close to 10−8 .
To cope with the diﬃculty of determining the molar mass of natural Si, we resorted
to a silicon crystal highly enriched with 28 Si [1, 2]. In order to measure density, two
slices were taken from the 28 Si boule – whose centers are at 229 mm and 367.5 mm
distance from the seed crystal – and shaped as quasi-perfect spheres. To determine
§ To whom correspondence should be addressed (g.mana@inrim.it)
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the molar mass, a number of samples were cut before and after each sphere and
all around them. The usual way of measuring the molar mass is by determining
isotopic composition via gas mass spectrometry after converting the silicon into SiF4 .
These measurement was carried out at the IRMM. Since crystal enrichment made
the calibration of the mass spectrometer relatively unimportant [3], the PTB used
multi collector-inductively coupled plasma mass-spectrometry of aqueous Si solutions
in NaOH and developed a measurement method based on isotope dilution [4, 5, 6].
The isotopic composition of the 28 Si crystal was determined also by secondary ion
mass spectrometry, at the IPM-RAS.
2. Summary of measurement methods
2.1. Gas mass spectrometry
At the IRMM, each sample, of about 70 mg, was etched in a concentrated HNO3 , HF,
and CH3 COOH solution to remove about 22 mg of contaminated surface material.
Each sample was subsequently dissolved in a solution of 1.8 mL of HF and 0.3 mL of
HNO3 in 20.0 mL of ultrapure water, according to
Si + 6HF + HNO3 → H2 SiF6 + HNO2 ↑ +H2 ↑ +H2 O,

(1)

and subsequently precipitated by adding 3.9 mL of a 0.1% solution of BaCl2 , according
to
H2 SiF6 + BaCl2 → BaSiF6 ↓ +2HCl.

(2)

Eventually, the washed and dried BaSiF6 was decomposed at 540 ◦ C in high vacuum
yielding the SiF4 gas.
30
The measured quantities were the ratios between 29 SiF+
SiF+
3 and
3 currents and
+
the 28 SiF3 current. The ion currents were measured by a single Faraday cup in peak
jumping mode; the subsequent demodulation with respect to the peak index removed
any linear drift. The SiF4 gas changes isotopic composition because of the isotope
fractionation process in the molecular gas ﬂow from the inlet system to the ion source.
Therefore, the current ratios were extrapolated to the start time via a non-linear
least-squares regression. To obtain the isotope amount-ratios, calibration factors are
required [7], which were obtained by measuring deliberately adjusted amount ratios
embodied in mixtures of enriched Si isotopes. The natural Si contaminations of the
solutions were measured by graphite furnace atomic absorption spectrometry at the
University of Warsaw; the results indicate that 8.040(56) µg of natural Si were added
in the preparation of SiF4 . Accordingly, the measured ratios were corrected for this
contamination.
2.2. Secondary ion mass spectrometry
At the IPM-RAS, the isotopic composition of two samples, one from the polycrystal
(before puriﬁcation and crystallization) and the other from the ﬂoat-zone crystal, was
determined by a secondary ion mass spectrometer equipped with a time-of-ﬂight mass
analyzer [8]. The ion guns for sputtering and mass analysis were used in pulsed mode.
+
Sputtering was made by both O+
2 and Cs ions with energies from 0.5 keV to 2 keV;
the pulse current was hundreds of nanoamperes, the scan area was from (0.2 × 0.2)
mm2 to (0.5 × 0.5) mm2 . Mass analysis was carried out by 25 keV Bi+ ions; the
pulse current was 1 pA and the pulse duration was 1 ns. The detector idle time for
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+

the strong 28 Si signal was corrected for, thus providing a linear relationship between
+
the 28 Si current and the 28 Si fraction in the sample. In this way, the quantitative
analysis of isotope concentration was possible without reference-samples.
The samples were etched in a HNO3 and HF solution. This removed the
electropositive elements, but H, O, and F remained on the surface. Hydrogen
originated a strong 28 SiH signal, which increased the reading of the 29 Si signal by
one or two orders of magnitude. The second problem was surface contamination by
natural Si. Chemical etching does not completely remove this contamination; natural
Si dilutes in the interface between the surface and bulk. With a rough surface, the
depth of this interface is few µm; better results may be obtained by a combination of
surface polishing and chemical etching. In this case, the interface depth is less than
0.1 µm. To solve these problems a proﬁling was made to a depth of few micrometers;
only when the H concentration attained its bulk value the natural Si contamination
and 28 SiH signal did not aﬀect the measurement.
2.3. Multi collector-inductively coupled plasma mass-spectrometry
The very high isotopic enrichment, larger than 99.99%, turned out to be a big
challenge; ion-current ratios larger by more than ﬁve orders of magnitude than
the unity had to be measured. To overcome this diﬃculty and the natural Si
contamination, a novel measurement procedure was developed by the PTB, which
does not require measurement of the 28 Si fraction [6]. It is based on isotope dilution
combined with multi collector-inductively coupled plasma mass spectrometry – the
samples were digested by means of an aqueous NaOH solution. Only the 29 Si+ and
30 +
Si currents were measured; to recover the 28 Si fraction, the crystal samples were
blended with a spike, a crystal highly enriched with 30 Si. In addition to the masses of
the blended samples, the ratios between the 30 Si+ and 29 Si+ currents were measured
+
in the sample, spike, and blend; the ratio between the 28 Si and 29 Si+ currents was
+
measured only in the spike. The missing ratio between the 28 Si and 29 Si+ current in
the sample was obtained by data analysis. The spectrometer was calibrated on-line
by mixtures of natural Si and two crystals enriched with the 29 Si and 30 Si isotopes
[5, 7]. Natural Si contamination, memory eﬀects, and oﬀsets were monitored on-line by
having the NaOH solutions remeasured before each sample, spike, blend, or mixture.
In this way, each individual set of ion-current measured-values was corrected.
3. Analysis of measurement results
∑
By indicating with xk the amount fraction of the k Si isotope, and since k xk = 1, the
isotopic composition can be represented by a point in the x29 − x30 plane. Therefore,
all the measured amount ratios were converted into amount fractions. Figure 1 (left)
summarizes the input data.
By indicating with x0k the isotope fractions of the 28 Si crystal, if contamination
by natural Si occurs, the isotope fractions of the contaminated sample will be
xk = (1 − α)x0k + αxnat
k ,

(3)

xnat
k

where
are the isotope fractions of natural Si and α is the molar contamination.
By solving (3) with respect to x0k , we obtain
x0k =

xk − αxnat
k
≈ (1 + α)xk − αxnat
k .
1−α

(4)
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Figure 1. Left: isotopic compositions of the 28 Si crystal determined by the
PTB, IPM-RAS, and IRMM. The error bars indicate the standard deviation of
the data sets. The dot (green) indicates the composition obtained via a leastsquares adjustment of the IRMM data. Right: zoom of the PTB data; the
rainbow colors indicate the sample location, from the nearest (18 cm, violet)
to the farthest (42 cm, red) from the seed crystal. The data (blue) on the left of
the solid line are the non-corrected data. The error bars indicate the uncertainty
of each individual datum. The lines indicate the locus of samples contaminated
or depleted by natural Si (solid) and of samples having the same molar mass
(dashed); the dot (black) at their intersection is the least-squares adjustment of
the isotopic composition. The ellipses indicate 68% conﬁdence region.

Therefore, if |α| ≪ 1, (3) accounts both for enrichment, when α ≥ 0, or
depletion of natural Si, when α ≤ 0. For all practical purposes, the locus of
a contaminated or depleted material is a line through (x029 , x030 ) and parallel to
0 T
nat
0
[xnat
29 −x29 , x30 −x30 ] . Figure 1 (left) indicates that all the determinations of isotopic
composition are reasonably consistent, provided natural Si contaminations occurred
during measurements.
Let the sampling distributions of the isotope fractions yki determined by the PTB,
IPM-RAS, and IRMM be Gaussian and independent. Therefore, yki ∈ N (xik , uik ),
where
{ 0
xk
if i = PTB and IPM-RAS
,
xik =
(5)
(1 − αi )x0k + αi xnat
if i = IRMM
k
are the isotope fractions of the contaminated samples, αi are the relevant molar
contaminations, x0k are the isotope fractions of the 28 Si crystal, and uik are the
measurement uncertainties. yki is the average k Si fraction determined by the i-th
laboratory, but, as a precaution, uik is the the standard deviation of the relevant data
set, not that of the average. It is to be noted that, since the relevant measurement
procedures either correct or exclude contamination, αi = 0 for the PTB and the
IPM-RAS data.
In (5), x029 , x030 , and αIRMM are model parameters to be determined. If no prior
information about the parameters is available, their most probable values minimize
[9]
( i
)2
∑
yk − xik
1
2
.
χ =
(6)
2
uik
k=29,30
i=PTB,IPM−RAS,IRMM

The result is shown in Fig. 1 (right). The most probable fractions are indicated by the
black dot. The ellipse is the relevant 68% conﬁdence region calculated as the inverse
of the Hessian matrix of (6) evaluated at the χ2 minimum [9].
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Figure 2. Left: the IRMM data before (top, red) and after (bottom, blue) the
correction for the natural-Si contamination. Right: zoom of the non-corrected
IRMM data. The rainbow colors indicate the sample mass, from the lightest
(40.0 mg, violet) to the heaviest (48.0 mg, red). Some of the sample mass is also
indicated. The error bars indicate the uncertainty of each individual datum. The
line is the locus of samples contaminated or depleted by natural Si.

3.1. Correction of natural Si contamination
3.1.1. IRMM data. The molar contamination of natural Si of the BaSiF6 is α ≈
µM/m, where µ = 2.863(20) × 10−7 mol is the amounts of natural Si added in its
preparation – as measured by University of Warsaw – and m and M are the mass
and molar mass of the crystal samples. The average shown in Fig. 1 (left) has been
obtained by using these α values and (4) to correct each of the raw data. The raw
and the corrected data are shown in Fig. 2 (left).
Figure 2 (right) shows that the non-corrected data are consistent with a
contamination increasing with a decreasing sample mass.
Let the sampling
distributions of the measured yki fractions, where, now, i labels the samples, be
Gaussian and independent. Therefore, yki ∈ N (xik , uik ), where xik – given by (3) – is the
k
Si fraction of the contaminated sample and uik are the measurement uncertainties.
Additionally, let no prior information about the unknown parameters µ, x029 , and x030
be available. Hence, their most probable parameter values minimize [9]
( i
)2
1 ∑
yk − xik
2
χ =
(7)
.
2 k=29,30
uik
i=1,N

By using (3), the dependence of χ2 on µ, x029 , and x030 can be made explicit. Hence,
[
]2
1 ∑ yki − (1 − µ/ni )x0k − µxnat
2
0
0
k /ni
χ (µ, x29 , x30 ) =
(8)
,
2 k=29,30
uik
i=1,N

where ni = mi /M are the Si moles in the i-th sample, mi and M – which is a
function of x029 and x030 – being the sample mass and molar mass. The result is
µ = 2.6(1.4) × 10−7 mol, to be compared with µ = 2.863(20) × 10−7 mol obtained
by the University of Warsaw. The most probable fractions are indicated by the green
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Figure 3. Zoom of the corrected IRMM data. The rainbow colors indicate the
sample location, from the nearest (17 cm, violet) to the farthest (42 cm, red) from
the seed crystal. Some of the sample location is also indicated. The error bars
indicate the uncertainty of each individual datum. The black line is the locus
of samples contaminated or depleted by natural Si. The ellipses are the 68%
conﬁdence regions.

dot in Figs. 1 and 2, the ellipse being the relevant 68% conﬁdence region. The µ
uncertainty and the fraction conﬁdence-region have been calculated as the inverse of
the Hessian matrix of (8) evaluated at the χ2 minimum.
3.1.2. PTB data. The contamination by natural Si, as well as oﬀsets and memory
eﬀects, were corrected by measuring the ion currents of the blank, the aqueous
NaOH solution plus the spectrometer background-current. In brief, the measurement
procedure was as follows [10]. The solutions of the two blends for the spectrometer
calibration (prepared from the 29 Si, 30 Si, and natural Si materials), of the IDMS-blend
(prepared from the 28 Si and 30 Si materials), and of the parent materials themselves
were ﬁlled into separate vials of the auto-sampler tray. Each solution measurement
was preceded by a blank measurement under exactly the same conditions. In total,
seven solution measurements and seven blank measurements were performed in a
sequence. The solution currents were corrected by subtracting the previously measured
blank ones. Eventually, the ratios of the corrected currents were used to calculate
the calibration factors and, together with these so determined factors, the isotope
amount ratios of the 28 Si material. It is worth noting that an individual spectrometer
calibration is carried out for each measurement of a diﬀerent sample of the 28 Si crystal.
Since natural Si contamination and background currents originate an inextricable
contribution to the measured values of the 28 Si crystal isotope-fractions, and since
they aﬀect the spectrometer calibration as well, no simple model like (3) is available
to correct the measurement results (Fig. 1). Consequently, the measured fractions
are not corrected ex-post according to an estimate of the natural Si contamination.
Therefore, under- and over-correction are equally likely and the correction uncertainty
accounts for both possibilities. Figure 1 (right) shows that the isotopic compositions
determined without subtraction of the blank currents are much more scattered than
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Table 1. Comparison between the expected and observed standard deviations
and correlation of the measured isotope fractions.
laboratory

expected value
106 u29
106 u30
ρ29,30

observed value
106 u29
106 u30
ρ29,30

IRMM
PTB

0.059
0.16

0.14
0.12

0.063
0.041

0.00
0.31

0.095
0.024

−0.77
0.37

expected by their individual uncertainties. When the same isotopic compositions are
recalculated after subtraction of the blank currents, they group together and their
scattering is consistent with what expected.
3.2. Homogeneity of isotopic composition
In order to identify gradients of the isotopic composition, in Fig. 3, the IRMM data
are shown by rainbow colors indicating the sample location, from the nearest to the
boule seed-crystal (violet) to the farthest (red). The same color code has been used to
display the PTB data in Fig. 1 (left). No signiﬁcant correlation between the isotopic
composition and the sample location can be identiﬁed.
3.3. Statistical properties of data
Figure 3 (left) shows the IRMM data, corrected according to the University of
Warsaw determination of the natural Si contamination; they are inside the 68%
conﬁdence region of the most probable composition estimated from the correlation
between the raw data and the sample mass. However, the isotope fractions are still
insuﬃciently corrected; this suggests that some contamination mechanism has not yet
been identiﬁed.
The table 1 compares the standard deviations and correlations associated to
the individual measured fractions with those estimated from the sets of repeated
measurements shown in Figs. 1 and 3. The scattering of the fractions measured by
the IRMM is larger than the uncertainty associated to each single datum. In addition,
though no correlation is expected, the fractions measured by the IRMM display a 77%
negative correlation, as also shown by the 68% conﬁdence region in Fig. 3. The PTB
data show a good agreement between the expected and observed uncertainties and
correlation.
4. Conclusions
The isotopic composition of the 28 Si crystal used to determine NA was measured
in diﬀerent laboratories by means of diﬀerent measurement methods. At present,
only the IRMM and PTB carried out calibrated measurements of the isotope amountratios and only the PTB assessed the total uncertainty budget [11]. The analysis of the
measurement results indicates that all the data are consistent with a model accounting
for a natural Si contamination, with the PTB ones being unaﬀected. Additionally,
the standard deviation and correlation of the PTB data-set are consistent with those
associated to each individual datum. For this reasons, the NA value given in [2] relies
on the PTB molar-mass determination alone and we postponed the use of IRMM data
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until a full assessment of the uncertainty budget will be completed and the measured
values will be published. The consistency of the isotopic composition determined by
the PTB with those determined by the IRMM and IPM-RAS is of a particular value
in assessing the reliability of the NA determination. Furthermore, no data set displays
a correlation between the measured isotopic composition and the sample location;
therefore, they prove the homogeneity of the 28 Si boule.
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