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Abstract. Within the scope of the efforts concerning the redefinition of the SI
base unit “kg” the final results of the international research project aiming at the
redetermination of the Avogadro constant are ready to be announced. Among other
quantities the volume of two spheres which are made of a highly enriched 28 Si single
crystal had to be determined. For this purpose a special Fizeau interferometer for the
measurement of the spheres’ diameters has been developed at PTB. This paper reports
the final results of the volumes, the uncertainties and also the latest findings regarding
systematic corrections including the effects of surface layers on the pure silicon core.
The results are confirmed by density comparison measurements.
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1. Introduction
For a possible new definition of the kilogram the redetermination of the Avogadro
constant is one of the most promising ways. For this four parameters are to be
measured [1]: molar mass and lattice parameter of a perfect crystal and mass and
volume of an artefact, built up from the same crystal. A target relative uncertainty of
2 × 10−8 is to be reached for the entire experiment.
A first set of three spheres was made up of natural silicon consisting of 92.2% 28 Si,
4.7% 29 Si and 3.1% 30 Si. For these spheres an uncertainty of 3.1 × 10−7 was achieved
[2]. To further reduce the uncertainty an isotopically nearly pure crystal was fabricated
with 99.99% 28 Si, primarily to reduce the uncertainty of the determination of the molar
mass. The Institute of Chemistry of High-Purity Substances of the Russian Academy of
Sciences (IChHPS RAS) in Nizhny Novgorod and the Central Design Bureau of Machine
Building (CDBMB) in Saint Petersburg supplied the enriched material which was grown
to a 5 kg mono-crystal in the Leibniz-Institut für Kristallzüchtung (IKZ) Berlin [3].
Cut into ten pieces two parts of the crystal, no. 5 and no. 8, were manufactured at the
Australian Centre for Precision Optics (ACPO) to two nearly perfect 1 kg spheres called
AVO28-S5 and AVO28-S8. Over the last two years these spheres were subject of detailed
and extensive measurements of their mass (BIPM, NMIJ, PTB), volume (NMIJ, PTB)
and surface (PTB, NMIJ).
For the determination of the volume of these spheres at PTB a spherical Fizeau
interferometer was used, which was developed and tested with measurements of the
spheres of natural silicon and which was advanced to reach lowest uncertainties.
This paper describes the measurement setup of the sphere interferometer, explicates
the measurement procedure and gives an overview on the data processing. Some new
considerations on the measurement uncertainty are discussed and the final results are
presented.
2. Measurement of the diameter of the spheres
2.1. Experimental setup of the spherical Fizeau interferometer
For the volume determination of the silicon spheres a spherical Fizeau interferometer
was developed [4]. It consists of a temperature-controlled vacuum chamber and two
opposing arms for illuminating and imaging optics. In these optical arms light from a
multimode fibre propagates 1.6 m in free space and is then collimated. The plane wave
enters the vacuum chamber through an optical window and is subsequently focussed
by a Fizeau lens whose focal point is carefully adjusted to the center of the silicon
sphere. As the inner surfaces of the two Fizeau lenses are formed concentrically to the
focussed wavefront (see figure 1), a spherical etalon is formed in one case, with the sphere
removed, between the pair of lenses and in the other case, with the sphere inserted,
between the reference face of each lens and the corresponding surface of the sphere.
Therefore four measurements are necessary to obtain the diameter of the sphere: the
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diameter of the empty etalon D, which is obtained with the sphere in a lifted position
from both sides, and the distances d1 and d2 between the sphere and the reference
surfaces. The diameter d of the sphere is then d = D − d1 − d2 .

Figure 1. Schematic drawing of the central part of the interferometer. The measured
quantities are the distances between the sphere surface and the reference surfaces, d1
and d2 , and the length of the empty etalon D.

With this technique 10000 diameter values, only depending on the camera resolution
chosen, within a 60◦ section of the surface can be obtained. To cover the whole sphere
with diameter values and to lift it out of the beam path for measuring the length of
the empty etalon an elevation and positioning mechanism is used consisting of a liftable
column which contains two pairs of plastic wheels as a support for the sphere in the
upper position. Lifting and rotation around the vertical axis is done by the column
itself and the rotation around the horizontal axis is done by rotation of the wheels. In
the measurement position the sphere rests on a three-point support.
To achieve low uncertainties the implementation of a thermal stabilization is a basic
prerequisite. In the first instance a laboratory climate control provides temperature
fluctuations below 0.1 K in 24 hours. For the second level a pipe network was
incorporated in the vacuum chamber housing which is flown-through by a water-glycolmixture. The temperature of the liquid is stabilized by a thermostat to 0.01 K, so that
due to the thermal inertia of the massive body of the vacuum chamber a temperature
fluctuation of only a few millikelvin is reached. As the final step the interferometer
itself, consisting of a rigid monolithic frame, which contains the Fizeau lenses and the
three-point rest of the sphere, is coupled to the vacuum chamber with three small
point contacts, so that a weak heat and energy exchange guarantees small temperature
fluctuations. For the target uncertainty the temperature of the sphere needs to be
measured with an uncertainty of less than 1 mK. To reduce any effects of influencing
the temperature of the sphere, thermocouple pairs measure the temperature difference
between the sphere and a copper block inside the interferometer frame which acts as
a reference body [5]. The temperature of this copper block is measured by common
means, i.e. an AC bridge with a 25 Ω standard platinum resistance thermometer,
directly calibrated at the triple point of water and the melting point of gallium.
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2.2. Measurement procedure
As a preparation of the measurements the sphere to be measured is cleaned with distilled
R
OP 162, a concentrated detergent to remove dust and other
water and Deconex°
particles from the surface. The soap film is then washed up abundantly with water.
To remove the final water film threefoldly distilled ethanol is rinsed over the sphere
and it is waited until the ethanol is evaporated. Then the sphere is placed on the pair
of plastic wheels with the supporting column in the upper position and inserted into
the three-point-rest automatically by means of the orientation device. Afterwards the
interferometer chamber is closed and slowly evacuated since the Fizeau objectives only
allow pressure changes below 100 Pa per second. The final pressure is around 0.3 Pa.
Subsequently the optical system is adjusted to the sphere. To obtain the correct position
for the optical fiber with relation to the collimator an autocollimation procedure was
established. Then each Fizeau lens can be adjusted by three piezo-step-motors to
minimize the number of interference fringes in the etalon consisting of the spherical
Fizeau surfaces. The autocollimation and fringe reduction adjustment are repeated
alternately until both criterions are fulfilled.
For one diameter map four phase maps need to be recorded: the empty etalon from
both sides and the gaps between the sphere and the reference surfaces. Each of the
phase maps is calculated from five interferograms with phase steps of π/2 based on a
four-step phase-shifting technique [6, 7]. The phase shift is realized with a tunable laser
which is traceable through the comparison with a iodine stabilized He-Ne laser to the
SI unit meter [8].
To cover the entire surface of a sphere with measurement points, it is rotated around two
perpendicular axes. Since the spheres are tagged according to their crystal orientation
with three different marks, a unique and repeatable orientation can be achieved. A
typical set of single measurements consists of a sequence of rotation steps between 15◦
and 45◦ for both axes. The measurement procedure yields a varying coverage density of
measurement values on the surface of the sphere due to overlapping regions of the field
of view for different measurement orientations (see figure 2), which has to be taken into
account for the evaluation.
2.3. Topographies
The described measurement procedure was applied to the two spheres of 28 Si, named
AVO28-S5 and AVO28-S8. For the determination of the volume, 32 measurements with
different orientations of the respective sphere have been performed for AVO28-S5 and 44
measurements for AVO28-S8. The whole set of measurements gave 320000 and 440000
single diameter values, respectively, distributed all over the sphere and covering the
topographies thoroughly. According to [9] the surfaces of the spheres were subdivided
into small cells of almost equal area and all measurement values inside a cell were
assigned to the center position of this cell. Doing so, a map of the topography and of
the distribution of the measuring point densities can be determined, which are shown
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Figure 2. Distribution of the measuring positions per graticule cell of the sphere
AVO28-S5 (left) and of the sphere AVO28-S8 (right) plotted in Mollweide projection.
The greyscales range from 8 to 37 and from 8 to 67 values per graticule cell, respectively.

in the figures 2 and 3 for AVO28-S5 and AVO28-S8.
The color scales are adapted to the respective topography and span 97.8 nm for AVO28S5 and 89.7 nm for AVO28-S8 related to the diameter variation. The circular structures
in figure 2 indicate the shape of the field of view related to one single measurement.
Brighter regions indicate a larger amount of measurement values per surface element
than darker regions.
Due to the variable coverage density, a mean diameter for the calculation of the volume
cannot be obtained simply by taking the average of all single diameter values. This
would lead to an overweighted influence of regions with a large amount of diameter
values. Instead, a proper method for the determination of the volume is described in
section 4.

Figure 3. Topography of the sphere AVO28-S5 (left) and of the sphere AVO28-S8
(right) plotted in Mollweide projection. The color scales of the topographies span
97.8 nm and 89.7 nm, respectively.

2.4. Systematic corrections
The measurements are influenced by a couple of parameters (see table 1). At first
the interferometric influences are to be stated as the intensity measurement of the
interferences, the frequencies of the lasers, the precision of the phase steps and an
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obliquity correction depending on the size of the fibre exit and the ratio of the focal
lengths of the collimator and the Fizeau lens [10]. In order to compensate for the small
temperature deviations from 20 ◦ C, we calculate the diameter at 20 ◦ C by using the
coefficient of thermal expansion of 28 Si [11]. Two parameters which affect the results
depending on the position in the field of view are wave front distortions and parasitic
interferences. The latter describe unwanted small interferences between single surfaces
of the optical system. They depend on the actual adjustment and occur with varying
intensity and location. The wave front distortion comprises global effects as retrace
errors [12] due to the shape deviations of both the sphere under test and the reference
faces, misalignment and diffraction. Next, each diameter value has to be corrected for
the influence of the surface layer on the sphere caused by the phase retardation due to
the different optical properties, which needs to be discussed in detail (section 3). Lastly,
the sub-item ’volume’ collects the contributions which affect the final calculation of
the volume. These are uncertainties due to the point coverage of the sphere, possible
positioning errors and the goodness of fit.
Table 1. Dominating quantities in the uncertainty budgets of the spheres AVO28-S5
and AVO28-S8. The quoted values are standard uncertainties.

AVO28-S5
Quantity
u(V )/V in 10−9
Interferometry (Int)
4
Temperature (T)
6
Wave front distortions (WF)
35
Parasitic (Par)
0.2
Phase change (PC)
5
Volume (Vol)
6
Total
37

AVO28-S8
u(V )/V in 10−9
4
6
25
0.2
5
6
27

Temperature and obliquity correction have to be corrected for their specific value, which
is determined by the actual experimental data. On the contrary, all other contributions
have the expectation value zero, but certainly contribute to the uncertainty budget.
Each correction also contributes to the uncertainty budget.
For the uncertainty of the volume regarding the systematic corrections we have in total:
usyst 2 (V ) = uInt 2 (V ) + uT 2 (V ) + uPar 2 (V ) + uWF 2 (V ) + uPC 2 (V ) + uVol 2 (V(1)
).
The final uncertainty is presented in section 4.3.
3. Considerations on the influence of surface layers
Due to the fact that silicon bodies which are stored in air are covered with oxide layers,
their influence on the measurement results needs to be considered. Therefore it is
essential to collect information on the composition and the thickness of these surface
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layers. Beside the expected silicon-oxide layers Fuchs [13] found metal-silicide (MeSi)
layers consisting of copper- and nickel-silicide (table 2). Additionally, a water layer
and a layer of longchain hydrocarbons have to be considered. The measurements
also show that the composition of these layers (from the inner to the outer layers)
lies between Si-SiO2 -MeSi-H2 O-Cm Hn and Si-MeSi-SiO2 -H2 O-Cm Hn . In the following
these configurations are seen as the limit cases of the real layer composition. The
calculations are executed for both cases with the assumption of clearly separated layers.
The refractive indices and absorption coefficients given in table 2 are valid for thick
materials. Due to the lack of knowledge of the optical properties of the layer materials
on silicon for ultra-thin films the uncertainties were raised significantly.
Table 2. Optical properties of the layers and the silicon core. For some longchain
Cm Hn compounds refractive indices at λ = 589 nm were found, they differ with
chain length and isomerism so that it was useful to assume a mean value and a large
uncertainty; for the imaginary part no literature values were found, so that a large
uncertainty is assumed, too. For the MeSi-layer the optical properties of NiSi were
assumed.

Layer
Cm Hn
H2 O
SiO2
MeSi
Si

n
1.45
1.332
1.457
2.67
3.881

un
k
0.1
0
0.1 1.54 · 10−8
0.1
0
0.20
2.75
0.001
0.019

uk
0.1
1 · 10−8
0
0.20
0.001

Ref.
[14]
[15]
[16]
[17]
[16]

Table 3. Thicknesses of the layers for both 28 Si spheres, ordered from the outside to
the inside of the sphere. tSL is the sum of the layer thicknesses; values in nm.

Layer
Cm Hn
H2 O
SiO2
MeSi
tSL

tS5
0.54
0.28
1.52
0.54
2.88

ut,S5
0.18
0.08
0.20
0.16
0.33

tS8
0.47
0.28
1.40
0.54
2.69

ut,S8
0.16
0.08
0.20
0.17
0.32

To calculate the influence of these layers on the measurement the matrix based method
described by Wolf [18] is used. The influence of the interface between the layers j and
j + 1 is described by matrices Tj,j+1 :
Ã
!
1
1
rj,j+1
Tj,j+1 =
,
(2)
rj,j+1
1
tj,j+1
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where tj,j+1 and rj,j+1 are the complex coefficients of transmission and reflection. In the
present case, i.e. for perpendicular incidence, one gets according to [19]
ñj − ñj+1
(3)
rj,j+1 =
ñj + ñj+1
2ñj
tj,j+1 =
(4)
ñj + ñj+1
with ñi as the refractive index of the i-th layer. The influence of the layer j is described
-

+

Ef
Tj+1,j
Tj,j-1

Ef

face
Lj

n j-i·k

Lj-1

n j-1-i·k

dj

j

j-1

d j-1

T1,2
T0,1

L2

n 2-i·k 2

d2

L1

n 1-i·k 1

d1

back

+

Eb

Figure 4. Assumed layer model for the calculation of the total reflection coefficient.

by matrix Lj , which is in the case of perpendicular incidence
´
³


2πd ñ
0
exp i · λj j
³
´  .
Lj = 
2πd ñ
0
exp −i · λj j

(5)

The properties of a layer system consisting of n layers can now be expressed as
S = Tn,n+1 · Ln · Tn−1,n · . . . · L1 · T0,1 ,

(6)

where the layers n + 1 and 0 are the substrate or the surrounding medium. With this
matrix S the relation between the electrical fields of the input wave Ef+ , the reflected
wave Ef− and the transmitted wave Eb+ can be written as
!
Ã
! Ã
Ã
! Ã
!
Ef+
Eb+
Eb+
S11 S12
=S·
·
=
(7)
Ef−
0
S21 S22
0
so that the complex reflection factor rsystem of the entire layer system is
rsystem =

Ef−
Ef+

=

S21
.
S11

(8)
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The phase shift between the incident and the reflected wave can then be calculated by
¶
µ
Im (rsystem )
.
(9)
φ = arctan
Re (rsystem )

If the wave would be reflected by an ideal and non-absorbing medium, the phase shift
would amount to π, so that for the deviation in the measured radius follows:
π−φ 1
∆r =
λ· .
(10)
2π
2
The last factor originates from the way of the wave back and forth. The measurement
correction of the diameter of the inner, pure silicon core due to the surface layers is then
∆d = 2 ∆r − 2 tSL .

(11)

3.1. Uncertainty estimation
For further evaluation the overall uncertainty following from the uncertainties of the
single layer properties was calculated. Therefore a Monte Carlo Method (MCM) fulfilling
the requirements of the GUM-supplement 1 [20] was implemented. In this MCM for
every quantity an array was created with 107 values distributed normally in a random
order around the nominal value and with a standard deviation which equals the denoted
uncertainty of the respective quantity. With the array index counting for all of the 107
combinations the resulting phase shift was calculated. Afterwards a histogram with
4000 intervals between the maximum and the minimum value from the calculations was
filled with the results. Due to the fact that there was still some scatter in the histogram,
a Gaussian function was fitted to the data so that the center point and the standard
deviation which can be interpreted as the uncertainty were obtained.
3.2. Results
The diameter corrections resulting from the optical effects of the surface layers are
shown in table 4. The phase correction uncertainty uPC (V ), i.e. related to the volume,
is already stated in table 1. For these values the most contributing factors are the
uncertainties of the optical constants, especially of the MeSi layer. Due to the lack
of knowledge of the real composition of the surface layers both models are combined
resulting in the mean value and the combined uncertainty.
Table 4. Correction terms for the diameter measurements of the 28 Si spheres AVO28S5 and AVO28-S8.

Configuration
Si-SiO2 -MeSi-H2 O-Cm Hn
Si-MeSi-SiO2 -H2 O-Cm Hn
Mean of both models

∆dPC,S5 /nm
0.13(15)
0.00(14)
0.07(15)

∆dPC,S8 /nm
0.09(15)
−0.03(14)
0.03(15)
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4. Volume determination
4.1. Parameterization of the topography
For the calculation of the volume based on the point cloud of diameter values, it is
convenient to parameterize the topography of the sphere by real spherical harmonics
which are defined as follows:

 √1 ¡Y m + (−1)m Y −m ¢

for m > 0

ℓ
ℓ


 2
(12)
Yℓm (ϑ, ϕ) = Yℓ0
for m = 0



¢
1 ¡


for m < 0
 √ Yℓ−m − (−1)m Yℓm
i 2
√
m

for m > 0

 2 Nℓ,m Pℓ (cos ϑ) cos(mϕ)
0
for m = 0
(13)
= Nℓ,0 Pℓ (cos ϑ)

√

 2N
P −m (cos θ) sin(−mϕ)
for m < 0 ,
ℓ,−m

ℓ

where ℓ ∈ N, m ∈ {−ℓ, −ℓ + 1, . . . , ℓ}, (ϑ, ϕ) are spherical coordinates, Yℓm are spherical
harmonics as defined in [21] with the normalization coefficient Nℓ,m and Pℓm (cos ϑ) are
associated Legendre functions. The parameterization of the topography is then given
by the expression
R(ϑ, ϕ) =

ℓ
∞
X
X
ℓ=0

cℓm Yℓm (ϑ, ϕ) ,

(14)

m=−ℓ

which is in practice limited to a number of N coefficients cℓm with the constraint
N = (ℓmax +1)2 . These coefficients are determined by a linear least squares optimization
based on the data set of the diameter values analogously to [22, 23].
Then the volume of the sphere can be calculated by integration over the full solid
angle:
V =

Z
Zπ Z2π R(ϑ,ϕ)
0

=

1
3

0

[ R(ϑ, ϕ) ]3 sin ϑ dϕ dϑ .

(16)

0

Rewriting the double sum in Equation (14) to
(j and k analogously) yields

where

(15)

0

Zπ Z2π
0

r2 sin ϑ dr dϕ dϑ

PN −1
i=0

ci Yi (ϑ, ϕ) with i = ℓ(ℓ + 1) + m

N −1 N −1 N −1
1 XXX
ci cj ck Ii,j,k (ϑ, ϕ) ,
V =
3 i=0 j=0 k=0

Ii,j,k (ϑ, ϕ) =

Zπ Z2π
0

0

Yi (ϑ, ϕ) Yj (ϑ, ϕ) Yk (ϑ, ϕ) sin ϑ dϕ dϑ .

(17)

(18)

Volume determination of the Avogadro spheres of highly enriched

28

Si

11

Hence, it is sufficient to know the coefficients cℓm from the least squares fit and the
results of the integrals Ii,j,k (ϑ, ϕ) for the evaluation of the triple sum in Equation (17)
to get the volume V . The solution of the integral over the triple product of the real
spherical harmonics is briefly outlined in the appendix.
4.2. Calculation of the uncertainty
Besides the uncertainties of the systematic corrections from Equation (1) the statistical
uncertainty of the least squares optimization has to be taken into account. In total the
uncertainty of the volume u(V ) reads
u2 (V ) = ustat 2 (V ) + usyst 2 (V ) .

(19)

According to the GUM ustat 2 (V ) can be derived from Equation (17) [24, 25]. Thus, we
have the expression for the uncertainty of correlated quantities:
¶2
(N −1)−1 N −1
N
−1 µ
X
X X ∂V ∂V
∂V
2
2
ustat (V ) =
u (ci ) + 2 ·
u(ci , cj ) . (20)
∂ci
∂ci ∂cj
i=0
i=0
j=i+1

Since the covariance matrix is computed by the fit algorithm [23], u(ci ) and u(ci , cj ) are
already known. The sensitivity coefficients are calculated analogously to the following
example for the n-th coefficient:
N −1 N −1 N −1
1 XXX ∂
∂V
=
ci cj ck Ii,j,k (ϑ, ϕ)
∂cn
3 i=0 j=0 k=0 ∂cn

=

N
−1
X
i=0

c2i

Ii,i,n (ϑ, ϕ) + 2 ·

(N −1)−1 N −1
X X
i=0

j=i+1

(21)

ci cj Ii,j,n (ϑ, ϕ) .

(22)

4.3. Final results
By use of Equation (17) the volume is calculated on the basis of the data sets shown in
the figures 2 and 3. For both of the spheres, AVO28-S5 and AVO28-S8, the calculation
from section 4.2 yields a relative uncertainty of the statistical contribution ustat (V )/V
in the order of 10−10 and can thus be neglected. Therefore, the uncertainty is dominated
by the systematic effects specified in section 2.4 with the values from table 1:
u2 (V ) ≈ usyst 2 (V ) .

(23)

The pure silicon core volumes and their uncertainties are as follows:
VAVO28−S5 = 431059.0566(158) mm3

(24)

VAVO28−S8 = 431049.1131(117) mm3 .

(25)

and

This corresponds to a mean diameter of
dAVO28−S5 = 93.7229717(11) mm

(26)
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and
dAVO28−S8 = 93.7222511(9) mm,

(27)

respectively. These results apply for a temperature of 20 ◦ C and a pressure of 0 Pa.
5. Linking the measurements
Although results with low uncertainties are available from the measurements of the
spheres, one aspect of the determination of Avogadro’s constant, in particular the
determination of the macroscopic density, offers the advantage to compare the results
of the spheres. The density ρ = m/V of the whole sphere can be calculated from the
mean core diameter and the mean surface layer thickness tSL – resulting in the volume
V of the whole sphere – and the mass m of the sphere determined by mass comparison
to mass standards which are traceable to the International Kilogram Prototype [26] (see
table 5).
Table 5. Density determination of the enriched silicon spheres (including the surface
layer) using the PTB diameter measurements.

Sphere
Mean core diameter d/µm
AVO28-S5
93722.9717(11)
AVO28-S8
93722.2511(9)

tSL /nm
2.88(33)
2.69(32)

Mass m/kg
Density ρ/kg/m3
1.0000877724(41) 2320.070936(96)
1.0000647307(41) 2320.071025(83)

Taking into account the correlations of the measurements, a density difference of the
spheres of 0.000 089(97) kg/m3 or 38(42) × 10−9 , relatively, is yielded. These calculated
densities of the whole spheres can be checked by a direct density comparison of the two
spheres as can be performed with high precision by the pressure-of-flotation method
[27, 28]. In this method each of the silicon samples floats freely in a suitable liquid that
has the same density as silicon. Fine adjustment of the liquid density is achieved by
small pressure changes, at NMIJ by means of a pressure controller and at PTB by the
hydrostatic pressure produced by a liquid column, the height of which can be changed
by moving an additional vessel connected to the main measuring vessel (containing the
samples). The 28 Si spheres have nearly the same density, thus NMIJ used exceptionally
the same pressure for both spheres floating simultaneously and measured the height
difference of the spheres in the vessel, resulting in ∆ρ/ρ = 26(9) × 10−9 [29]. At PTB,
the usual procedure was used, i. e., the spheres floated subsequently at the same height
but at different controlled pressures, yielding ∆ρ/ρ = 20(10) × 10−9 . Both density
difference measurements agree with each other and with the above calculated density
difference within the stated uncertainties.
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6. Conclusion
Although being expected to yield the highest contribution to the uncertainty of the
Avogadro constant, the determination of the volume of silicon spheres which range in
the decimeter-region reaches an uncertainty below one nanometer. This was enabled
by the development of a specifically designed interferometer combined with modern
mathematical methods.
The interferometer bases on spherical wavefronts which are adopted to the shape of
a sphere and therefore reduce the influence of optical corrections. The optical design
of the interferometer allows a high number of diameters to be measured at the same
time facilitating 60◦ -topographies of the sphere. A precise orientating device together
with a specific mathematical model enables the complete topography and guarantees a
correct weighting of the measured data. The volume is then calculated by integrating
the parameterized topography.
The uncertainty can be determined for the different contributions in detail and is
validated by experimental data or theoretical considerations. In the present case, as the
spheres are contaminated with nickel and copper, the surface layer model is strongly
affected by the lack of information about the consistence of the metal components and
their distribution. This is taken into account by a considerable uncertainty. On the
other hand that causes reasonable hopes that the already started reduction of the
contamination will reduce the uncertainty perspicuously.
Finally, valuable evidence for plausibility and coherence is shown by a comparison
between direct density comparisons and the results from mass and volume
measurements.
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Appendix A. Integral over the triple product of real spherical harmonics
The integral in Equation (18) can be separated into three parts by use of the definition
of the Yℓm (ϑ, ϕ). The first part is a product of the normalisation coefficients and the
second one is an integral over ϕ, where the integrand is a product of three sines or
cosines, which can be calculated easily. The third part is an integral over ϑ, where the
integrand is a triple product of associated Legendre polynomials and sin ϑ. By use of
the substitution ξ = cos ϑ this can be written as
Z+1
m
G(ℓi , ℓj , ℓk , mi , mj , mk ) = Pℓmi i (ξ)Pℓj j (ξ)Pℓmk k (ξ)dξ
−1

(A.1)
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This integral is basically known in literature [30] as Gaunt’s Integral or Gaunt Coefficient
and is frequently used in quantum mechanical calculation. In the present case, however,
we also have to take into account the combinations of i, j and k, which are neglected
for physical reasons in the field of quantum mechanics. Thus the integral (A.1) has to
be evaluated explicitly. Using Rodrigues’ representation of the Legendre polynomials
[31], we find after a somewhat lengthy calculation the solution
G(ℓi , ℓj , ℓk , mi , mj , mk ) = A

ℓi
X

ℓj
X

ℓk
X

BJ Cj1 j2 j3

j3 =0
j2 =0
j1 =0
2j1 ≥ℓi +mi 2j2 ≥ℓj +mj 2j3 ≥ℓk +mk

with the abbreviations
1 + (−1)L+M (ℓi + mi )! (ℓj + mj )! (ℓk + mk )!
,
2L+1
ℓi !
ℓj !
ℓk !
¶
¶ µ
µ
2J − (L + M ) + 1
M
+1 Γ
Γ
2
2
J
µ
¶
BJ = (−1)
,
2J − L + 1
Γ
+1
2
¶
¶µ ¶µ
¶µ ¶µ
µ ¶µ
2j3
ℓk
2j2
ℓj
2j1
ℓi
,
=
ℓk + m k
j3
ℓj + m j
j2
ℓi + m i
j1
A=

Cj1 j2 j3

L = ℓi + ℓj + ℓk ,

M = mi + mj + mk ,

J = j1 + j2 + j3 .

As can be seen, the integral vanishes, unless L + M is an even integer. However, since
from the integral over ϕ it already follows that M must be an even integer, we conclude
that L must also be an even integer and the coefficients Bj are rational numbers. Thus,
any integral over a triple product of associated Legendre polynomials can be calculated
exactly, yielding either zero or a rational number.
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